New approach to highly accurate calculations of the photodetachment cross-sections of the negatively charged hydrogen ions is developed. This effective, fast and numerically stable method is based on the use of the Rayleigh's formula for the spherical Bessel functions. Photodetachment cross-sections of the negatively charged hydrogen ion(s
I. INTRODUCTION
The negatively charged hydrogen ions ∞ H − (nuclear mass is infinite), 1 H − (protium) and 2 H − (deuterium, or D − ) are of great interest in stellar astrophysics [1] - [4] . These ions determine the absorption of infrared and visible radiation in photospheres of all stars, if temperatures in their photospheres are restricted between T max ≈ 8,250 K (late A-stars) and T min ≈ 2,750 K (early M-stars). In the late F, G and early K stars the absorption of infrared and visible radiation by the negatively charged hydrogen ions is maximal. This includes our Sun which is a star of spectral type G2. The great role of the H − ions for our Sun was suggested by R. Wild in 1939 (see discussions and references in [1] , [2] and [4] ). An effective absorbtion of large amount of infrared solar radiation by the negatively charged hydrogen ions is crucial to reach a correct thermal balance at our planet. The leading contribution to the light absorption by the negatively charged hydrogen ion H − is related to the photodetachment of this ion
where the notation hν designates the incident light quantum, while e − means the free electron, or photo-electron, for short. The notation H(ns) means the hydrogen atom in the bound ns−state, where n is the principal quantum number and s means s−states with ℓ = 0 where ℓ is the angular momentum of the hydrogen atom. The main goal of this study is to determine and investigate the photodetachment cross-sections of the negatively charged hydrogen ion(s). A large amount of preliminary work for this problem, including derivation of different formulas needed for numerical calculations of the photodetachment cross-sections of the H − ions can be found in [5] . The paper [5] also contains a review of the photodetachment of negatively charged hydrogen ions and extensive bibliography on this subject. This allows us to restrict our analysis in this study to the discussion of computational method and results obtained with the use of this method. Note also that a very good discussion of the photodetachment of the negatively charged hydrogen ions can be found in some textbooks, e.g., in [6] , [7] and [8] .
Our approach developed in this study is based on the use of highly accurate, three-body (or two-electron) wave functions constructed for the negatively charged hydrogen ions. Such wave functions are truly correlated. The final state wave functions are represented in the form of products of two single-electron wave functions, i.e. they are not correlated wave functions. In general, the overlap integrals between truly correlated and non-correlated wave functions cannot be computed without a substantial loss of accuracy. For the photodetachment of the negatively charged hydrogen ions this problem, i.e. loss of overall accuracy, is known since the first works by Chandrasekhar [9] - [11] . In this study we avoid any loss of high accuracy during calculations of the three-particle integrals with spherical Bessel/Neumann functions by using our recently developed, original method for computation of such integrals written in relative coordinates. This method allows one to perform accurate numerical calculations of the photodetachment cross-sections for different hydrogen isotopes and different final states in the hydrogen atom(s). In such calculations we found no limiting values for the momenta p e of photo-electron. In other words, all three-particle integrlas with spherical Bessel functions absolutely converge in this new method. Note also that in contrast with other similar methods in our approach we operate only with regular three-particle integrlas with Bessel functions, i.e. there is no need to discuss convergence of the Frullanian and/or truly singular integrals.
This paper has the following structure. First, in the next Section we discuss the general formulas for the differential and total photodetachment cross-sections of the negatively charged hydrogen ion. It is shown that calculation of the photodetachment cross-section is reduced to numerical calculations of three-particle integrals with the spherical Bessel functions. Our approach applied in this study for calculations of such integrals is based on the Rayleigh's formula for spherical Bessel function is discussed in Section III. Analytical formulas for the three-particle integrals with spherical Bessel functions are derived in Section IV. In Section V we discuss numerical computations of the photodetachment cross-sections of the negatively charged hydrogen ion(s). Concluding remarks can be found in the last Section.
II. PHOTODETACHMENT CROSS-SECTION
In [5] we have derived the following formula for the differential cross-section of the photodetachment of the negatively charged hydrogen ion
where K is some numerical constant defined below, α = e 2 hc = 7.2973525698 · 10
is the dimensionless fine structure constant and a 0 ≈ 0.52917721092 · 10 −8 cm is the Bohr radius (unless otherwise specified all numerical values of physical constants in this study are taken from [12] ). The k f vector is the unit vector which describes the photon propagation.
Analogously, the unit vector n e = pe pe describe propagation of the free photo-electron which arises during photodetachment. Also, in this formula p e =| p e | is the momentum (absolute value) of the photo-electron and I n is the ionization potential of the negatively charged hydrogen ion determined in the case when the final hydrogen atom arises in the bound ns−state, where n ≥ 1 and symbol s means that the angular momentum of this state equals zero, i.e. ℓ = 0. The notation R i→f in this formula is the radial part of the photodetachment amplitude. From this formula one finds the following formula for the photodetachment crosssection σ ph of the negatively charged hydrogen ion(s):
For truly correlated three-particle wave functions the explicit formula for the radial part of the photodetachment amplitude is This amplitude is the overlap of the incident wave function of the H − ion (truly correlated) and the final state wave function which is the product of the radial part of the total wave function R n0 (r 31 ) of the final hydrogen atom H in one of its bound ns−states and the wave function of the moving photo-electron. For the ground state in the final hydrogen atom one finds R n0 (r 31 ) = 2 exp(−r 31 ). If we can neglect by any interaction between this photo-electron and neutral hydrogen atom, then the wave function of the free photo-electron is a plane wave, which is represented as a combination of products of the spherical Bessel functions of the first kind with the corresponding Legendre polynomials (see, e.g., [13] , p.91).
This formula is called the Rayleigh expansion of the plane wave [13] . Conservation of the angular momentum during photodetachment leads to the selection of only one ℓ−component in such an expansion.
It is shown below that with our choice of the incident and final wave functions the factor K in Eqs. (2) - (3) 
These formulas are used in all calculations performed for this study. In the next two Sections we derive analytical formulas for the matrix element R i→f which is included in the last two formulas.
III. RAYLEIGH'S FORMULA FOR SPHERICAL BESSEL FUNCTIONS
The method described below is, probably, the most effective and accurate approach which is used to determine the photodetachment cross-section of the negatively charged hydrogen ion(s). High efficiency and accuracy of this method directly follows from its simplicity and transparency. The method is based on the Rayleigh's formula for the Bessel functions [14] .
In the case of the j 1 (z) = j 1 (pr 32 ) Bessel function the Rayleigh's formula takes the form
For z = pr 32 one finds from this equation
sin(pr 32 ) r 32 .
where p = p e is the absolute value of momentum of the outgoing photo-electron p e , while r 32 is the scalar distance between the hydrogen nucleus (heavy particle 3) and photo-electron (particle 2). The particle 1 designates another (first) electron which remains bound after photodetachment. The same system of notations is used everywhere below in this study. 
Φ(r 32 , r 31 , r 21 ) dV . Ψ H − (r 32 , r 31 , r 21 )
In this study the trial variational wave functions of the ground (singlet) 1 1 S−state of the negatively charged hydrogen ions are constructed in the following (exponential) form (see also [5] )
where the notationP 12 stands for the permutation operator of identical particles (electrons), 
. These conditions must always be obeyed to guarantee convergence of all three-particle integrals arising in computations. In this study we assume that all non-linear parameters in Eq.(12) are the real numbers with zero complex parts.
Note that Eq. (12) is, in fact, the Laplace transform of the wave function Ψ. It follows form Eq.(12) that
and
32
The formulas, Eqs. (13) - (14), are used in this study to determine the first and second partial derivatives of the trial wave functions.
IV. ANALYTICAL FORMULAS FOR THREE-PARTICLE INTEGRALS WITH BESSEL FUNCTIONS
In this Section we discuss analytical approach which was found to be very effective for analytical and numerical computations of the three-particle integral(s) derived above (see, Eq. (4)) which include one spherical Bessel function j 0 (pr 32 ). The three-particle integral with the spherical Bessel function j 0 (pr 32 ) which is needed in such calculations takes the form (15) It is clear that analytical and/or numerical computations of three-particle integrals written in the relative coordinates is a difficult problem, since the three relative coordinates r 32 , r 31 and r 21 are not truly independent. Indeed, three inequalities | r ik −r jk |≤ r ij ≤ r ik +r jk are always obeyed for three relative coordinates r 32 , r 31 and r 21 (they are mentioned in the previous Section). In real three-body calculations it is better to use three perimetric coordinates u 1 , u 2 , u 3 which are simply related with the perimetric coordinates:
where (i, j, k) = (1, 2, 3) and r ij = r ji . The inverse relations are: r ij = u i + u j . Each of the three perimetric coordinates u i (i = 1, 2, 3) is: (1) non-negative, (2) truly independent from other perimetric coordinates, and (3) changes from zero to infinity. In perimetric coordinates the last integral from Eq. (15) is written in the form
where the factor 2 is the Jacobian of the transition from the relative to perimetric coordinates
To derive the final expression we apply the known trigonometric formula sin(pu 2 + pu 3 ) = sin(pu 2 ) cos(pu 3 ) + cos(pu 2 ) sin(pu 3 ) and introduce the following
In these notations the integral Eq. (16) is written as the sum of eight integrals.
To illustrate the process of integration in perimetric coordinates let us consider analytical computations of one of these eight integrals, e.g.,
Calculation of seven remaining integrals is also simple and transparent. Note that our analytical computations are based on the formulas from [15] . The final expression for the integral I(α i , β i , γ i ; p) takes the form
Note that the formula, Eq.(18), does not contain any singular and/or quasi-singular term represented by the Frullanian integrals [16] , [17] which must be regularized before actual numerical computations. This is an obvious advantage of our approach which is based on the Rayleigh's formula for spherical Bessel functions. It should be mentioned here that integrals of the general type
dx were described by Italian mathematician G.
Frullani in 1828 [16] . These integrals look like singular, but they converge, if the finite values f (0)( = 0) and f (∞) do exist and a and b are both positive (or negative) real numbers. In the photodetachment of the H − ion one always finds three-particle Frullanian integrals which look like singular integrals, but can be reduced to a few infinite (but convergent!) sums of the regular three-particle integrals.
In earlier studies [18] , [19] we have developed a number of different methods (six methods) for analytical and/or numerical computations of three-particle integrals which contain
Bessel functions of the first and second kind. Some of these methods are more successful in applications than others. In particular, we have found that methods based on powerseries expansions of the spherical Bessel functions are not appropriate for highly accurate computations of the overlap integrals with the bound state wave functions. The reason is obvious, since contribution of the three-particle integrals rapidly increases when powers of the relative coordinate r 32 increase in such integrals. In general, any power-series expansion of the spherical Bessel functions contains large and very large powers of this relative coordinate r 32 . Convergence rate of such three-particle integrals slows down rapidly. For large n all integrals which contain r n 32 become divergent, if the contribution of high power of r 32 cannot be compensated by the increasing powers of some small parameter(s). This explains a restricted use of the power-series expansion for the spherical Bessel functions in actual computations. Our method developed in this study is free form these difficulties.
Moreover, the formulas presented above are remarcably stable in calculations with large number of the non-linear parameters. This allows us to solve the problem to very high accuracy. Furthermore, by using these formulas we can also determine the photodetachment cross-section in those cases when the final hydrogen atom is formed in the excited states.
The power-type series for Bessel functions derived in [18] and [19] are used in calculations of the three-particle integrals with Bessel functions only to check our current formulas for small values of p e (≤ 0.015 − 0.030). Table I for the H − ion with infinitely heavy nuclear mass which is designated as the ∞ H − ion. is used, since the dependence σ p (E e ) is directly measured in modern experiments. In Table II the kinetic energy of the photo-electron E e is related with the 'index' i as follows:
, where p i = 0.005 + (i − 1) · 0.005 (19) in atomic units. The photodetachment cross-section of the H − ion is written in the form:
where R i→f is the radial part of the photodetachment amplitude, Eq.(4) and Tables I and II) .
In general, our results from Tables I and II agree very well with the results of the earlier and recent experimental studies [20] - [24] . Agreement between our photodetachment crosssection of the H − ion and results obtained in other theoretical/computational works (see, e.g., [25] ) can be considered as very good for those cases when the final hydrogen atom is formed in its ground 1s−state. Note that experimental studies of the H − ion photodetachment with the formation of the final hydrogen atom in the excited S−states are extremely difficult to perform. Agreement of our photodetachment cross-sections determined in the case of 2s hydrogenic state and results known from earlier theoretical studies [26] and [27] is good.
However, it is clear that to obtain a perfect agreement between theoretical cross-sections in this case one needs to conduct additional research and evaluations (see also discussion in the Conclusion).
Another interesting question is to determine photodetachment cross-section of the H − ion in the case when the final hydrogen atom arises in the first excited s−state. All calculations are almost identical to the case considered above when the final hydrogen atom is formed in its ground 1 2 S−state. However, in this case the ionization potential of the H − ion is I = E(H − ) + 0.25 a.u. and in the formula for the photodetachment amplitude one needs to replace the bound state wave functions of the hydrogen atom, e.g., for the ∞ H atom:
The photodetachment cross-section of the ∞ H − ion in the case when the final hydrogen atom arises in the first excited s−state is determined with the same trial wave functions of the H − ion (see above, for N = 350). The photodetachment cross-section (in cm 2 ) for this case is presented in 
Analytical expression for this integral can be derived in the same way as we did to determine the integral I(α, β, γ; p), Eq.(15). However, the final expression for the J(α, β, γ; p) integral is difficult, since it contains a large number of different terms. To determine the integral J(α, β, γ; p) in this study we apply another method which is based on the use of numerical differentiation of the integral I(α, β, γ; p), Eq.(15), upon the non-linear parameter α. To calculate this first order derivative we use the following formula
where the three-particle integral I(α i , β i , γ i ; p) is defined by Eq.(16). In Eq. (24) In general, the computed derivative must be stable in 10 -12 decimal digits (at least).
As follows from comparison of Tables II and III Finally, let us consider the photodetachment of the actual hydrogen ions with finite nuclear masses, i.e. ions of the protium 1 H − , deuterium 2 H − and tritium 3 H − . To consider photodetachment of these negatively charged ions one needs to take into account the effect of 'nuclear recoil', i.e. recoil of the central hydrogen atom. In this study we apply the same nuclear masses of the hydrogen isotopes which were used in [5] :
These nuclear masses are the most recent values obtained in high-energy experiments. The best-to-date total energies obtained for the negatively charged ions of the protium 1 H − , deuterium 2 H − and tritium 3 H − with these nuclear masses can be found in Table I of [5] .
Numerical computations of the photodetachment cross-sections of the negatively charged hydrogen ions are more complicated than for the model ∞ H − ion. General theory of atomic photodetachment leads to a conclusion that photodetachment cross-section of a less bounded electron is always smaller than analogous cross-sections of strongly bounded atomic electrons. On the other hand, the negatively charged hydrogen ions have the 1s 2 −electron configuration. The less bounded electrons in this case mean larger 'geometric radius' of the negatively charged hydrogen ion, i.e. a larger cross-section of photodetachment. In reality,
there is a competition of these two opposite factors in the following series of ions:
Let us discuss possible corrections to the photodetachment cross-section which are directly related to the finite nuclear mass. There are two groups of such corrections. The first group contains the common factor 1 + 
where γ = √ 2I and equality in the right-hand side of Eq. (26) is written in atomic units.
This lead to the following expression for the differential cross-section of the photodetachment of the H − ion [5] : Table IV .
The corresponding total energies obtained with these trial wave functions are also listed in Table IV . Note that these energies are very close to the 'exact' vales obtained in [5] . This indicates very high quality of the trial wave functions. As follows from Table IV these crosssections are relatively close to the photodetachment cross-sections of the H − ion (see Table   II ). However, some differences in such cross-sections do exist and must be investigated. We are planning to investigate such differences in our next study.
VI. CONCLUSIONS
We have considered the photodetachment of the negatively charged hydrogen ion(s).
By using our new method we determine the photodetachment cross-sections of the H − ion with the infinitely heavy nucleus and for analogous ions of some hydrogen isotopes,
. The crucial part of such calculations is highly accurate computations of the three-particle integrals which also contain spherical Bessel functions of the first kind and truly correlated wave functions of the two-electron hydrogen ions H − . In our method to solve all problems arising in this part we apply the Rayleigh's formula for the spherical Bessel function j 1 (p e r 32 ).
Photodetachment cross-sections of the negatively charged ∞ H − ions determined in this study perfectly coincide with the photodetachment cross-sections determined in experiments [20] - [24] . Furthermore, the agreement between data from Table I in [24] and our cross-sections determined at the same energies (see Tables I and II) is close to absolute (or 1:1). In general, our photodetachment cross-sections computed in the 'velocity representation' are located between five experimental curves ploted in Fig.5 from [24] . In fact, our data are very close to the experimental curve ploted by small circles '•', which correspond experimental data measured in [24] . It should be mentioned that the paper [24] was not known to me when I conducted these calculations (it was published after this paper has been submitted).
Such an accurate coincidence indicates clearly the 'velocity picture' used by us and based on the fundamental QED rules is appropriate and accurate to consider photodetachment of the negatively charged hydrogen ion(s). Moreover, a very accurate coincidence of our (theoretical) and experimental data shows that overall contribution of the electron-electron correlations and other similar effects into the H − photodetachemnt cross-sections is relatively small andcan be neglected in the first approximation (as expected) (see discussions in [5] and [25] ). In part, such an accurate agreement with the experimental data can be expained by the fact that in our calculations we have applied very accurate bound state wave functions of the H − ion and its isotopes. For instance, the total energies of the ∞ H − ion obtained with 300 and 350 exponential basis functions are -0.527751016544180 a.u. and -0.527751016544278 a.u. which coincide with the 'exact' energy (see, e.g., [5] ) in 13 decimal digits.
In the case when the final hydrogen atom is formed in the excited 2 2 S−state we still do not have reliable experimental data, since any direct experimental study of the H − ion photodetachment with the formation of the final hydrogen atom in the excited S−states is extremely difficult. A few theoretical evaluations of the corresponding cross-section(s) [25] - [27] were only approximate. In this study we consider photodetachment of the negatively charged hydrogen ions in those cases when the final hydrogen atom is formed in the excited 2s−state. The corresponding cross-sections are determined with the use of numerical differentiation of the three-particle integral(s) in respect with one of its four parameters. The computed photodetachment cross-sections are in agreement with the cross-sections evalu-ated earlier in [26] and [27] . However, we have to note again that the procedure of numerical differention was found to be sufficintly accurate for our current purposes, but in the future highly accurate calculations it must be replaced by more accurate methods. Briefly, we can say that our current results from Table III can be considered as preliminary.
Another problem discussed in this study is to determine photodetachment cross-sections of the negatively charged, two-electron ions of the hydrogen isotopes:
In each of these ions the nuclear masses are finite.
Recently, we have made a significant progress in study of the photodetachment of such 'real' hydrogen ions, but still a few additional steps are needed to obtain an absolute agreement with the known experimental data. In particular, we need to take into account all effect related with electron-electron correlations in the final state of the photodetachment process, Eq.(1). In general, such corrections are small, but their overall contribution can noticeably change cross-sections at some energies. Our approach to include such corrections is described in detail in [5] . Analysis of such corrections will be considered in the next study. Another approach to this problem was discussed in [31] . The notation E e stands for the energy of the emitted photo-electron (in a.u.).
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